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An efficient simulation-based methodology for estimating the time-dependent reliability of a brittle structural
system is presented. In the proposed method, a branch-and-bound method is used to identify the most probable
failure sequence of a system. This defines the initial failure domain to start the simulation. As the simulation
progresses, the initial failure domain is refined adaptively to incorporate information about the other possible
dominantfailure sequences, to estimate the true failure probability of the system. The simulation is continued until
there is a convergence in the failure probability estimate.

I. Introduction

UBSTANTIAL progress has been made in recent years in the

estimationof reliability of structuresunder uncertain loads. Var-
ious structural system configurations have been considered, includ-
ing series and parallelrepresentations. The structuralelements have
been modeled as either ductile (i.e., unlimited deformation capacity
at the limit load) or brittle (loss of load carrying capacity at the limit
load). However, most of these studies have idealized the loading
as time-invariant, i.e., as a random variable. The reliability so ob-
tained correspondsto that under one load application, usually some
extreme value of the load over a given period of time. In practical
situations, most loads vary with time. This variation can be charac-
terized by a random process description. If we considertime depen-
dence, the reliability problem formulation and solution technique
will be significantly different from those with time-invariant loads.
Furthermore, including the time dependence in the formulation of
any reliability problem will help include the effects of degradation
of resistance with time. Formulatingthe problem in the time domain
will help address additional issues such as maintenance and reha-
bilitation of structures, besides giving a more realistic assessment
of the reliability estimate.

Several analyticalmethods based on Markov chain assumptions,!
the outcrossing approach,>~> and FORM/SORM (first-order relia-
bility method/second-order reliability method) methods® are avail-
able for estimating the time-dependent reliability of structural
systems. However, most of these methods are limited by their sim-
plifying assumptions. Furthermore, the computational procedures
involvedare cumbersome and lengthy. All of these limitations make
the analytical methods unappealing and inaccessible to practicing
engineers.

Therefore, Monte Carlo simulation seems to be a viable alterna-
tive to assess the time-dependent reliability of structural systems.
It is easier to implement and is not limited by any simplifying as-
sumptions. Furthermore, realistic conditions, such as strength dete-
rioration, periodic repair of the system, etc., can be incorporatedto
arrive at a more useful estimate of the time-dependentreliability of
a system. However, brute-force Monte Carlo simulation is compu-
tationally very expensive for high-reliability problems. Therefore,
adaptivemethods’~!° have been developedto increase the efficiency
of Monte Carlo simulation. These methods have been proved to be
successful for component reliability problems and simple series-
type system reliability problems.!!

An efficient adaptive-importance-samging-based simulation
methodology is developed to estimate the failure probability of brit-
tle systems. A parallel system configuration is assumed and it is

Received July 22, 1996; revision received Oct. 1, 1996; accepted for
publication Oct. 27, 1996; also published in 4144 Journal on Disc, Volume
2, Number 2. Copyright 996 by the American Institute of Aeronautics
and Astronautics, Inc. AINsghts reserved.

*Associate Professor, Department of Civil and Environmental Engineer-
ing. Member ATAA.

fGraduate Student, Department of Civil and Environmental Engineering.

321

shown thatthe simulationstrategy can identify the significant failure
sequencesefficiently. The applicationof the proposed methodology
is illustrated in detail using a two-barand a four-bar parallel system.
However, these simple structures do not reflect any limitation of the
methodology. They are used to facilitate graphicaldemonstrationus-
ing probability functions of two random variables. The method is,
in fact, the same for more complicated truss and frame structures.!?

II. Problem Definition and Assumptions

The reliability problemto be investigated is the probability that a
brittle system (elastic brittle) consisting of several members (com-
ponents) reaches ultimate collapse over a given period of time under
the action of one or more time-variant loads. The structure may go
through various progressivedamage levels before final collapse over
a period of time, or there can be sudden failure at any instant. Both
possibilitiesare considered. However, it is assumed that the state of
a structure can change only the time of load application. The struc-
ture is assumed to respond statically to the load fluctuations and,
therefore, dynamic amplification is not considered.

The loads on the structure are modeled as pulse processes in
which the load occurrencetime and intensity are treated as random
variables. The load occurence time is assumed to follow a Poisson
process and the load intensity is defined by a Gaussian distribution.
The load intensitiesare assumed to be independent from occurrence
to occurrence.

III. Time-Dependent System Reliability

To illustrate the basic concept of time-dependentreliability anal-
ysis, a structural system composed of m components is considered.
For the sake of simplicity, the structure is subjected to one load
process. The load produces a sequence of n discrete load events
over a period of time (0, #;]. The mean occurrence rate of the load
is assumed to be v For the present, the initial resistances of the
structural components are assumed to be deterministicand equal to
r= gry,...,r, Y The strength of the ith component deteriorates
with time accordingto r; (1) = r; 5, g:(¢), where r;(¢) is the strength
of the ith component at time ¢ and g;(7) is a deterministic degrad-
ing function of time. The intensity of the load at each occurrence
is assumed to be s = tﬁl, e, Sh } The loads induce a structural
action ¢;s; inthe ith componentatthe jth occurrence, for a parallel
system failure will occur only when the strongest of all the compo-
nents has failed. Conversely, for the whole system to survive, the
strongest component must survive for all n occurrences of the load.
Therefore, the reliability of the system can be expressed as

Ls = P[I}g{(ngi(h) > €Sty v maxrigi(ty) > cisu )
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where Fg( ) is the cumulative distribution function of the load in-
tensity. The time of load occurrences (;) in the above expression
have been consideredas deterministic. But for a Poisson pulse pro-
cess, the interarrival time of the load is exponentially distributed.
Therefore, considering the randomness in the interarrival times of
the load occurrences, Eq. (1) is rewritten as'3

L m 19 (1 1 "
Ly = {] Fs[maxL()]—dz} 2)
0 =G IL

Because the load is described by a Poisson pulse process, the prob-
ability that there will be n occurrences in the time period (0, 7] is

(VIL)" e exp(—ViL)

Using the theorem of total probability, and considering all possible
values of n, the reliability of the system then can be written as

_ " morig(M]1 " (V)" exp(vir)
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The failure probability of the system can be represented as
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As a final step, if fz(r) be the joint probability density of the initial
strength of the components, the failure probability of the system can
be rewritten as

00
prtL) = ]0 Py(ty | R=1) fa(n)dr 3)
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It is clear that the outer integral in Eq. (4) is a multidimensional
integral (over the whole domain of the component resistance vari-
ables). Even for a simple two-bar parallel system, computation of
the integral can be very cumbersome. Therefore, to estimate the
time-dependentfailure probability of a system, an efficient sampling
techniqueis developedthat computes the outer multidimensionalin-
tegral; the inner single dimensionalintegral over the time domain is
determined by analyticalmeans. The details of the proposed method
are discussed in the following sections.

IV. Adaptive Importance Sampling

In many practicalsituations, for structures with a high reliability,
brute-force Monte Carlo simulation can be a very inefficient (both
time and cost) method to estimate their failure probability because
of the large number of simulations required. Importance sampling
is a method used to make the sampling technique more efficient.
The concept of importance sampling is explained in this section.

The basic formula to compute the probability of failure is

pr= ] Sfx(x)dx
g(x) <0

where fy(x) is thejoint probabilitydensity functionof the inputran-
dom variablesand g(x) = 0 is the limit state equation. Dividing the
set of random variables into two mutually exclusive subsets, X
and X, the failure probability can be expressed as'*

P ] PLate®) <0 X = HAGE

]~ Pyji=s f3(%) dx

= Elp; i=s] 5)

Therefore, ifa Monte Carlo simulationis carriedout with N samples,
the failure probability estimate will be

1 &
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where the sample outcomes X’ are generated from the probability
density f,}(}) and p, y_y is the conditional failure probability
given X = x'. Equatioh (5) can be rewritten as

pr= ~ﬂ|’~‘f;~—f5‘(x)h)}(})d} (6)
2 hy(x)
_ g2 }T}f)}(X) o
h3(x)

where /1 5(X) is the new sampling density function that focuses the
sampling on the more important regions in the failure domain and
thus helps in faster convergenceto the true failure probability.

Comparing Egs. (5) and (3), it is observed that they are of very
similar nature. The vector of resistance variables R correspondsto
the set X, and the load variable S correspondstothe set X. Therefore,
a conditional importance sampling approach can be employed to
estimate the time-dependent failure probability of a system.

However, selecting the right sampling function, /15(X), is not an
easy task. Some studies’:!* have shown that if the sampling func-
tion is chosen inappropriately, the results may be quite erroneous.
Karamchandani and Cornell' have suggested that the correct po-
sition of the sampling function can be determined iteratively by
shifting the mean value of the sampling function to the point of
maximum p, y_s f3(¥) in Eq. (6). The assumption in adopting
such a scheme is that there is only one region where the integrand
in Eq. (6) is maximum. This assumption need not be valid always.
As will be shown with the help of examples later, the integrand in
Eq. (3), Ls r=, fr(r), can have more than one region of impor-
tance. Therefore, to estimate the true failure probability accurately,
the sampling function must identify all of the important regions.
Several approaches® !!*16 have been proposed for identifying the
correct form and position of the sampling density function.

The method that is used here is based on the technique developed
by Karamchandanietal.® In this method, the initial ssmpling density
functionis chosento have the same formand varianceas the original
density functionbut centered around the most probable point (MPP)
in the failure domain. Once several samples have been obtained in
the failure domain, a multimodal sampling density function is con-
structed that emphasizes multiple points in the failure domain, each
in proportion to the true probability density at the point. However,
not all sample points are emphasized; only one representative point
froma cluster of points is chosen. The representative points are sep-
arated by a distance greater than the “cluster radius” dj (see Fig. 1).
Usually the value of d is taken to be the average distance between

Sample outcome chosen
as a representative point
[ ]

Smaller than

L4 /— cluster radius d,

Larger than
cluster radius ¢,

Original Probability
\ density function SAFE
G

Xy

Fig.1 Selection of representative points.
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the MPP and the sampling points. The multimodal sampling density
to generate the ith sample point is

k
We(X) = Z&f 1) (8)

where 20/ = importance attached to the jth sampling point,

k
”f|5f=%‘”f5r[3€(”]/ {Zp/»p(:wf;([saw]}

f X(x) = original density function
f ¥ '(x) = original density function with the mean shifted to X/
x_x® = representative points

The representative points are identified as follows. Let S; be the
set of all previously identified sample points in the failure domain
includingthe MPP. A clusterradius d is selected. The point with the
largestprobabilitydensityin S, is selectedand is called XV In S;, all
pointswithinaradiusd, of XV are eliminated. Among the remaining
points in S;, the point with the largest probability density is selected
and called X®. All points within a radius d, of X? are eliminated.
This process is repeated until there are no more points left in S;.

After i sample points, the estimated failure probability is given by

1 i Py }:x(j)f)}lx(j)l
Pr= iz hf;[xm]
X

V. Proposed Methodology

Generally speaking, when the members of a redundant structure
behave in a brittle manner under some loading, the reliability anal-
ysis becomes difficult. When a member reaches its limit, it loses its
load-carrying capacity and there is load redistribution among the
survivingmembers. A statically indeterminate system goes through
many levels of progressive damage (failure) before final collapse,
undera load process. Also, dependingupon the load path, a structure
may go throughdifferent failure sequences before final collapse.! !
Therefore, even for a simple structure such as a four-bartruss, there
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Fig.2 Two-bar parallel system.
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can be many failure sequences. The total failure probability of the
structure will be the probability of union of all failure sequences.
To determine the individual failure probabilities of all sequences is
a cumbersome process and might defeat the whole purpose of using
even a computationally simple method such as Monte Carlo simu-
lation. Therefore, to reduce the amount of computation, a branch-
and-bound technique'® is used to identify the significant failure se-
quences of a given system. Among the significant failure sequences
of a structure, only the most probable sequence will contribute the
maximum to the total failure probability of a system. The most prob-
able failure sequence is a sequence with the highest probability of
failure in its first node. Therefore, to further reduce the amount of
computation, only the most probable failure sequence is chosen for
the initial simulation.

It was explained in Sec. IV that the initial sampling in adaptive
importance sampling technique starts around the MPP for a single
limit state problem. Drawing analogy from the technique, the most
probable failure sequence will define the initial failure domain for
the adaptive importance sampling technique. Once the initial sam-
plingis done,a set of representativepoints are chosenthat emphasize
the region of the most probable failure sequence. With this initial
set of representative points, further sampling is carried out with in-
creased variance to identify other important regions in the sampling
domain corresponding to the other dominant failure sequences of
the system. After each sampling, the set of representative points
is modified to reflect the true nature of the failure domain. In this
manner, the whole sampling domain is mapped to estimate the fail-
ure probability accurately. Sampling is continued until the failure
probability converges to an accepted level of accuracy.

VI. Numerical Examples

A. Two-Bar Parallel System

The two-bar parallel system shown in Fig. 2 is used to clarify
the concepts discussed in the preceding sections. The statistical pa-
rameters of the input random variables are described in Table 1. It
is assumed that bar 1 takes 30% of the load S(z) and bar 2 carries
the remaining 70% of the load. If one of the bars fails, the surviving
bar carries the full load until failure. There are only two possible
failure sequences for this system: bar 1 followed by bar 2 (1-2) and
bar 2 followed by bar 1 (2-1).

The structure was analyzed for failure probability for up to 50
years. But to understand the concepts of the proposed method,
we investigate the simulation results for 10 years in more detail.

Table 1 Statistics of variables
for a two-bar parallel system

Random variables u (e \4
R1 1.5 05

R2 40 05

S(1) 3.5 03 lyr

i

I

\m IIIIIIIII

\Vllllll

|

Fig.3 Conditional failure probability for different values of R1 and R2.
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Fig.5 Plot of the integrand in Eq. (3).

RZ

Fig. 6 Contour plot of the integrand in Eq. (3).
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Table 2 Simulation results for the two-bar
parallel system

Monte Carlo Adaptive sampling
Years 10° simulations (simulations)
10 0.1342 0.1258 (58)
20 0.1665 0.1672 (45)
30 0.1876 0.1892(79)
40 0.2004 0.2010(59)
50 0.2089 0.2070 (62)
55 ;
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Fig.8 Four-bar parallel system.

Between the two failure sequences, sequence 1-2 is more probable.
Figure 3 shows the plot of the failure probability for different values
of R1 and R2. Figure 4 is the joint probability density of the resis-
tance variables, fr(r). Figures 5 and 6 show the plot and contour
plot, respectively, of the integrand in Eq. (4), which is simply the
product of the expressions plotted in Figs. 3 and 4. The volume
under the surface in Fig. 5 is the failure probability of the system.
Observing the contour plot (Fig. 6), it is clear that there are two
regions (A and B) in the sampling domain where the integrand is
important. Region A is more important compared to region B.

As discussed in Sec. V, the initial simulation was concentrated
around the most probable failure sequence (1-2). After the initial
simulation, further simulation was carried out to identify the other
important regions of the sampling domain. Figure 7 shows a plot of
the representativepointsasthe simulationprogressed.Itis clear from
the plot that the initial set of representative points was concentrated
on the most probable sequence. But by the end of the simulation,
the set of representative points mapped the integrand quite well
according to the importance of the region. The points marked “a”
emphasize the region A (sequence 1-2), and the points marked “b”
emphasize the region B (sequence 2-1). Because region A is more
important than region B (see Fig. 5), there are more points in region
A than in region B (see Fig. 7). It is observed from Table 2 that the
proposed method is in good agreement with the basic Monte Carlo
simulation results and also that convergence to the true solution is
very fast. The structure is deliberately designed to have high failure
probabilities to facilitate the verification of the proposed method
with a small number of simulations.

B. Four-Bar Parallel System

Figure 8 shows the four-bar parallel system considered for this
example. The statistical parameters of the input variablesare shown
in Table 3. It is assumed that there is equal distribution of the load
among the four bars. Among the many possible failure sequences,
the significant failure sequences,identified by the branch-and-bound

Table 3 Statistics of variables
for a four-bar parallel system

Random variables (e v
R1 1.5 045

R2 21 0.62

R3 6.0 12

R4 3.0 03

S(1) 1.0 144  1lyr

Table4 Simulation results for the four-bar
parallel system

Monte Carlo Adaptive sampling
Years 10° simulations (simulations)
10 0.000766 0.000779 (45)
20 0.00146 0.00154 (45)
30 0.0028 0.00245(72)
40 0.00304 0.00298 (77)
50 0.00377 0.00373(105)

method, are 1-2-4-3,2-1-4-3,and 1-4-2-3 (Ref. 1). Among the three
significant failure sequences, sequence 1-2-4-3 is the most proba-
ble. Therefore, as discussed before, the initial simulation is centered
around this sequence and gradually the failure domain was adapted
to include the other possible sequences. The simulation results (not
shown here) showed that during the course of sampling, represen-
tative points correspondingto sequences 2-1-4-3 and 1-4-2-3 were
picked up. It is observed form Table 4 that there is good agreement
between the proposed method and the basic Monte Carlo simulation
results and also that convergence to the true solution is very fast.

VII. Conclusion

Most of the analytical methods available for estimating the time-
dependent reliability of structural systems tend to be complicated
and unattractive. Moreover, sometimesthe applicationof such meth-
ods is limited by their simplifyingassumptions. In this paper, an ef-
ficient importance-sampling-tased methodology was developed for
time-dependent failure probability estimation of parallel brittle sys-
tems. Unlike many analytical methods, no simplifying assumptions
about load overlappingneed to be made by this method. Compared
to the basic Monte Carlo simulation, convergence to the true solu-
tion is faster by the proposed method. The proposed method was
demonstrated with the help of two simple examples.
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